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Introduction: Quantum Learning Theory

@ Quantum Analogue:

Given iid copies of a Quantum State p, tell me something about p.

@ Example: State tomography: Give a p’ ~ p. Needs @(i—f)
samples[HHJ*17].

@ Freedom to choose measurements, including entangled measurements.
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This is NOT QML:

@ QML looks at computational advantage to solve classical problems

@ We look at the predictive power of the states themselves.
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© Quantum Agnostic Learning
© Quantum Coupon Collector

@ 1 and 2 shown by Arunachalem and de Wolfe[AdW18]

@ 3 shown by Arunachalam, Belovs, Childs, Kothari, Rosmanis, and de
Wolf [ABC*20]

@ Found lower bound with optimal leading term for QCC.

7/30



Quantum PAC Learning

8/30



PAC learning

9/30



PAC learning

e PAC learning[Val84] : (Informal)

Given an unknown binary function f € F and random samples of f
over any distribution of its domain, find an € approximation of f over
the same distribution.

9/30



PAC learning

e PAC learning[Val84] : (Informal)

Given an unknown binary function f € F and random samples of f
over any distribution of its domain, find an € approximation of f over
the same distribution.

Random sample: (x, f(x)) with probability py.

9/30



PAC learning

e PAC learning[Val84] : (Informal)

Given an unknown binary function f € F and random samples of f
over any distribution of its domain, find an € approximation of f over
the same distribution.

Random sample: (x, f(x)) with probability py.

o Well studied classically[Han16, BEHW89], sample complexity is
S (g) d is the VC-dimension of F.

9/30



PAC learning

e PAC learning[Val84] : (Informal)

Given an unknown binary function f € F and random samples of f
over any distribution of its domain, find an € approximation of f over
the same distribution.

Random sample: (x, f(x)) with probability py.

o Well studied classically[Han16, BEHW89], sample complexity is
S (g) d is the VC-dimension of F.

9/30



Quantum PAC learning

10/30



Quantum PAC learning

Quantum PAC learning: use Quantum Samples instead [BJ98]

() =Y V/bx ) [F(x))

10/30



Quantum PAC learning

Quantum PAC learning: use Quantum Samples instead [BJ98]

() =Y V/bx ) [F(x))

Atleast as powerful as random samples.

10/30



Quantum PAC learning

Quantum PAC learning: use Quantum Samples instead [BJ98]

() =Y V/bx ) [F(x))

Atleast as powerful as random samples.

Theorem (Quantum PAC learning lower bound(Simplified))

Sample complexity for Quantum PAC learning is Q(%)

10/30



Quantum PAC learning

Quantum PAC learning: use Quantum Samples instead [BJ98]

() =Y V/bx ) [F(x))

Atleast as powerful as random samples.

Theorem (Quantum PAC learning lower bound(Simplified))

Sample complexity for Quantum PAC learning is Q(%)

For simplicity:
F ={f :Nygy1 — {0,1},7(0) =0}

10/30



Quantum PAC learning

Quantum PAC learning: use Quantum Samples instead [BJ98]

() =Y V/bx ) [F(x))

Atleast as powerful as random samples.

Theorem (Quantum PAC learning lower bound(Simplified))

Sample complexity for Quantum PAC learning is Q(%)

For simplicity:
F ={f :Nygy1 — {0,1},7(0) =0}

indexed by a € {0,1}9 with (i) = a;.

10/30



Quantum PAC learning

Quantum PAC learning: use Quantum Samples instead [BJ98]

() =Y V/bx ) [F(x))

Atleast as powerful as random samples.

Theorem (Quantum PAC learning lower bound(Simplified))

Sample complexity for Quantum PAC learning is Q(%)

For simplicity:
F ={f :Nygy1 — {0,1},7(0) =0}

indexed by a € {0,1}9 with (i) = a;.

4de

Vi € [d]

po=1—4€ pi =
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have:
I(A:B)>1(A:x(B))

In our setting,

@ A holds index a for Quantum Samples
@ B holding t copies of corresponding quantum samples

©  is Learner, for learning A from B.

I(A: x(B)) is related to correctness, while /(A : B) is increasing in the
number of samples.

I(A: x(B)) classical, need upper bound on /(A : B).
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Block diagonalizes after applying | @ H®®

Block for b € {0,1}9 has eigenvalue

Ab:% Z Px

ce{0,1}¢
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Expression for S(B)

With the above, S(B) looks like

d

d
S(B) =Y hAilog 1 = D (1A -[log ] +  Ollog(d + 1))
i=0 " i=0

— ;(:) Z px | log (Z) + O(log(d + 1))

cc{0,1}¢
x€NG 4
[ps(xc)|=h

d
h=0

Suffices to show concentration of h away from %.
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Spectrum of pg

Spectrum matches with matrix M;
/ ]‘ t
M.[S,S] = W(@Z)SWSO
k

Using a matrix recurrence in [ABC*20], we get a recurrence for the
spectrum (related to a random walk W on Nj,11)

Ishs,e = pso(lshs;t—1) + Ps—1,41(ls—1As—1,t-1) + Pst1,—1(fs41As41,6-1)

where s € {1...m}, Is = (2) — (,",). pij refers to transition probability in
W of moving from i — i +
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Random Walk W

IsAs,t = Ps,0(sAs,;t—1) + Ps—1,41(ls—1As—1,6-1) + Pst1,-1 (fsp1As41,6-1)

— PI’[Wt = 5] = Is)\s,t

W very closely approximates a variant of coupon collector.
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Random Walk W and S(B)

Can think of: out of n coupons, mark m, count number of marked
coupons collected. Now,

S(B) = Isstlog ls + O(log(m + 1))

~ log(n) > (kXst) - s = log n - E[W,]
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Good hold on /(A : B), but I(A: x(B)) can be too small.

Reason: working algorithms exist which “throw away” information

Consider a working sample efficient algorithm:

@ Use the algorithm to get a guess S’
@ Check correctness of S’ (sample efficient)

@ If S’ correct, output S’, else output garbage.

This throws away correlation between S and S’ when S’ # S.
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Proof Using Holevo-Curlander bounds

Theorem (HC-bound [Tys10](simplified))

For N equiprobable pure states, with density matrix p, then the
simultaneous distinguishablity is upper bounded by

1
ﬁrﬁ"(\/ﬁ)

In our case, the upper bound is

1 Im
WZ/WNWW

Theorem (Lower Bound for QCC)

Sample complexity of QCC is (1 — o(1))kIn(min k,n — k + 1).
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