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k-Collision problem

Given an oracle accessto f: {1,...,n} = {1,...,n},
i

decide 1if there are £ distinct 1, x9, . .., x; such that

flx1) = flao) = ... = f(z).

Query complexity
k=2:0(n%?),
k=3:Qn?3), 0md),

L 4 - Q(n11/16), O(n11/15).

Importance

e New algorithmic techniques,
e New lower bound techniques,

e Cryptographic applications.

Quantum adversary method

For a decision problem P, one has to decide 1f
f € Yesp or f € Nop.

(1,2,2,1,3,1,5,5)

(8,2,4,4,1,3,4,5)

(7,1,1,4,5,1,3,4)

(2,2,8,7,8,2,5,8)

(4,4,7,7,1,1,1,1)

For every input z € {1,...,n},

@) _ {Ff,g it f(z) # g(x).
Fo 0 if f(z) = g(x).

Adversary bound

Bounded-error quantum query complexity

Q(P) = (/I / max [T} ).

Challenges

1. Choosing a good I,

2. Evaluating the norms.

Hardest instances for 3-Collision

Nosc :imyf contains n /2 pairs;

Yessc : im, 1 f contains n/2 — 2 pairs and a quadruple.

The structure makes constructing lower bounds for the k£ = 3
case more difficult than for the k£ = 2 case.

Assignment vectors
Assignment : partial function o: {1,...,n} — {1,...,n}.

Compatibility : f agrees with a if a(x) = f(x) for all z €
dom a.

For every Yes-certificate o

we) =N and fea) 2N 1A

feYes feNo
aCf aCf

We interpret the state of the adversary being in |wg) or |vg)
as the algorithm having learnt that f agrees with «.

This 1s reminiscent of dual learning graphs.

Candidate adversary matrix

Inspired by lower bounds for dual adaptive learning graphs, I
propose constructing the adversary matrix 1" as a linear com-
bination of

Lio= (% ) {ual )i

X
[dom a|=1
im a|=o0
where 1; , 1s a certain projector related to the symmetries of
the problem:
. YA L/7/:
[ = ZZ O(n T —nl/ (1 —0))L; .,

)



