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I. Introduction: Rapid progress in quantum low-density parity-check (QLDPC) codes has been made in
recent years to achieve asymptotically optimal quantum information storage [!]. On the other hand, fault-
tolerant quantum computation requires also efficient schemes to implement parallelizable logical gates,
with the most challenging part being the non-Clifford gates. For more than a decade ever since Bombin’s
3D color codes [2] (see also [3, 4]), there existed a long-standing N'/3 distance barrier for transversal non-
Clifford gates in topological stabilizer codes and more generally qLDPC codes. For topological stabilizer
codes defined on Euclidean geometries, this is constrained by the Bravyi-Kénig (BK) bound [5].

In this talk, we present a new strategy to break this distance barrier from Ref. [6]. In particular, we
develop a topological theory for qLDPC codes, showing the hidden simplicial or CW complex structure
for arbitrary qLDPC and CSS codes based on product constructions, which hence admit cohomology
operations such as cup products. One hence uses them to implement transversal CCZ gates on a 3D
homological product code on a simplicial or CW complex with constant rate and Q(v/N) distance (further
extended to Q(N?/3) in Ref. [7]), where the distance barrier is broken through the non-Euclidean geometries
from the fibre bundle [8, 9, 10]. This can be further used for fault-tolerantly preparing Q(v/N) independent
logical magic states without distillation (‘magic state fountain’ [11, (]).

II. Cup product and cohomology operation on simplicial complexes: For a CSS code defined on
a simplicial complex £ with qubits placed on a ¢-simplex, one can introduce operator-valued Zs g-cochain
a?, with its value on each g-simplex s, corresponding to the Pauli-Z operator: (—1)&q(8q) = Z(sq). Its
eigenstate is the g-cochain state in the diagonal basis, i.e., a? |c?) = ¢?|c?), with ¢? € C1(L;Z2). We then
introduce the cup product as the bilinear map on the cochain groups U : C? x C? — CPT4. Now we can
define a cohomology operation on the operator-valued cochains from three identical copies of codes as U =
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(71)& “1)Y%2)%3) | where - represents the discrete sum over £ [11, 12]. It corresponds to a nearly transver-
sal gate (constant-depth circuit) composed of a product of local CCZ gates acting on the three copies. The
coboundary invariance property of U guarantees that it preserve the code space C. When expanding

&((];ﬁ) in the cocycle basis {a?}, {42}, and {y#}, we obtain U = Haﬁﬁ(—l)fﬁ(ﬁao‘ql)U(mﬁﬁqz’)u([wqg’) =

II aBr CCZ[a, B, y]fﬁ aftUBRUYS The unitary U hence applies a logical CCZ gate on any triplet of logical
qubits whose logical-X operator support (cocycles) have a triple intersection [, a? U %2 U~% = 1.

ITI. Construction via the code-to-manifold mapping: Now in order to achieve constant rate and
polynomial distance, we consider taking homological product of asymptotically good classical or quantum
codes [13]. However, these codes are typically defined on general chain complexes, which do not necessarily
admit cup products. We can consider introducing the simplicial complex structure to these codes. One
potential obstacle is that if one defines classical codes on a graph (1D simplicial complex) with bits put
on the edges (without local codes), it cannot be asymptotically good since a constant-rate code will only
have a logarithmic upper bound in distance [11]. The way out is to go to higher dimensional topological
expanders defined on higher dimensional simplicial complex. Indeed classical codes defined on random
higher-dimensional simplicial complexes where bits are placed on higher simplices with dimension higher
than 2 is proven to be asymptotically good [15], altough not LDPC. Instead, we build upon the recent
breakthrough by Freedman and Hastings (FH) on geometrizing a quantum code into an 11-manifold [16].
We generalize such an approach by also mapping an arbitrary classical LDPC code to a manifold, and then
use the manifolds built from classical or quantum codes as legos to build product quantum codes. The
main difference from the other independent work along this direction [17, 18, 19] is that our construction is
fully topological and does not need any local combinatorial condition such as the multiplication property.
Also, our code is geniunely LDPC in contrast to polylog(N) stabilizer weight in [17].



(a)  Tanner graph (hypergraph) (b) Manifold (handle decomposition) (c) CW complex (cellular decomposition)
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The construction starts with lifting the Zs chain complex associated with the skeleton classical code

C = Ker(H) = Ker(d) to a chain complex with Z coefficients: ) o=h, Co, where 9 = H is the lifted
boundary map and parity check matrix. Here, a naive lift (0 mod 2 — 0, 1 mod 2 — 1) suffices. We then
use the handle construction to “thicken” the Tanner graph of the classical code to a manifold by mapping
each bit and check to a dressed k-handle and dressed (k — 1)-handle respectively, which are themselves
composed of handles with the same and lower indexes (denoted by “k-handle” from now on for simplicity).
In r dimension each “k-handle” has the form hy = Nj x D" % where D™ represents the m-dimensional
disk (ball) and Ny is the dressed core. In order to separate with the short spurious 1-(co)cycle, we first
choose k = 3 and r = 8, with the “2-handle” (check) being C; = S? x DS (S? stands for 2-sphere) and
the “3-handle” (bit) being a thickened punctured 3-sphere B; = (S3\ uj;@l D3) x D3, where f(i) is the
number of checks that the bit B; couples to, as illustrated in Fig. 1(a,b). We then attach the “k-handles”
to the boundary of “(k —1)”-handles with the attaching map specified by the lifted boundary map d, which
gives a 3-handlebody H (a manifold with boundaries). We hence obtain the right portion of the following
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where the middle 4-chain group C}y is trivial. To get the left portion, we take another identical upside-down
copy H*, where the k-handles becomes their dual handles, i.e., the (8 — k)-handles. We then take the double
of the 3-handlebody by gluing the two identical copies along their common boundary: DH = H Ugg H*,
which kills the boundary and results in a closed orientable 8-manifold M8 The doubling introduces
Poincaré duality, which is absent in the input code C, as reflected from the isomorphism between the left
and right portion with dual dimensions. We have proved the following theorem:
Theorem 2: From the Tanner graph of any input skeleton classical LDPC code C = Ker(H) that is
asymptotically good, one can define a classical LDPC code C = Hs(L";Zg) on the triangulation L of the
manifold M" (with bits and checks placed on the 3- and 2-simplices) that is asymptotically good (forr > 8).
This is interesting in its own right, since it is the first asymptotically good classical LDPC code defined on
a high-dimensional simplicial complex £" without local codes.

We then show that using the subsystem code idea that treat the spurious (co)cycles as gauge qubits
(Lemma 6), we can further lower the dimension of the manifold to r» = 4 with bits and checks placed on
the 2- and 1-simplices respectively. This gives rise to a construction of a thickened 3D hypergraph product
code defined on the 12-manifold M!? as the product of three 4-manifolds built from good classical codes
with O(1) stabilizer weight, constant rate and Q(N'/3) distance. The code admits a cohomology operation
between three copies of codes U = (—l)f/\N/112 83V which implements ©(N) logical CCZ given by the
O(N) triple intersections (Theorem 4) originated from Poincaré duality. The same property holds for the



higher-dimensional construction of the product of three 8-manifolds mentioned above (Theorem 5). Now
to break the N'/3 distance barrier, we take a product of thickened good classical and quantum LDPC
codes, with the later defined on the 11-manifold from the FH mapping [10] taking the input skeleton code
C as the balanced (lifted) product code constructed by Panteleev and Kalachev [1], which is geometrically
a highly non-Euclidean fibre bundle [%, 9]. We hence reach the main theorem:

Theorem 7: There exist a family of thickened 3D homological product codes C defined on the triangulation
of a 15-manifold M'® with encoding rate K = O(N), subsystem-code distance D = Q(v/N) and constant
stabilizer weight w = O(1), such that a constant-depth circuit implementing the cohomology operation of a
triple cup product can give rise to ©(N) logical CCZ gates on C.

When initializing all the logical qubits in the m states and apply logical CCZ’s, we obtain a hypergraph
magic state [1 1, (] as computation resource with its structure determined by the triple-intersection property,
which can also contain a large amount of magic and can be hard for classical simulation [20]. Moreover,
when setting a portion of the logical qubits to the @ state, one can fault-tolerantly prepare @\ﬂN )
independent logical CCZ magic states with ©(v/N) distance without the need for distillation (‘magic state
fountain’), a concept introduced in Ref. [11, 6]. This significantly outperform a [[N, 1, 2(N'/3)]] 3D color
code [2] which can only prepare 1 magic state with distance Q(N'/3). We further extend the scheme to a
product of three good qLDPC codes in Ref. [7], obtain Q(N?/3) distance, with dimension ©(N?/3) which
allows one to prepare ©(N 1/ 3) independent CCZ magic states.

IV. Hidden CW complex structure, pullback to the input skeleton complex, and practicality
for near-term implementation: The above discussion focuses on the asymptotic regime, while cautious
readers may question the practicality in near-term implementation since the dimension looks high and the
overhead of subdividing the manifold into triangulations may be a large constant. To eliminate this worry,
we further show that one can deformation retract the manifold M" to a cellular chain complex L. (often
called CW complex [21]) as hinted in Ref. [16] and elaborated in Ref. [22], which is isomorphic to the
handle chain complex Ly in Eq. (1). Each k-handle h, = D* x D" is retracted to its core—the k-cell
DF, and the dressed “k-handle” hy, is retracted to the dressed core Nj, [Fig. 1(c)]. Each bit and check
corresponds to a unique 3-cell and 2-cell. Due to the isomorphism, the classical or quantum code C defined
on the CW complex is completely the same as the skeleton code C, while the hidden CW complex structure
has mathematically well-defined cup product which can implement logical gates. Note the code C on the
CW complex is non-topological, since L, is no longer a discretization of the manifold like the triangulation.
This compact realization makes the near-term implementation practical. Interestingly, the isomorphism
between L. and L, presdrves the Poincaré duality and L. is hence a Poincaré complex.

In the follow-up work in Ref. [23], we have further shown how to perform a pullback of the higher-
dimensional CW complex to the 2D skeleton input chain complex, along with the cup product structure
and hence transversal CCZ gates directly acting on the skeleton complex, which hence achieves minimal
overhead. In this simplification, it is shown that the cup product can be translated to the chain-cochain
pairing of the skeleton chain complex, with the Poincaré duality corresponding to the cyclce-cocycle duality.

Finally, we note that this scheme can be generalized to balance product codes [24] to further minimize
the overhead by moding out the underlying symmetries. The scheme is also applicable to arbitrary skeleton
classical or quantum code without requiring any specific structure. It should hence be achievable with near-
term codes with O(50) to O(1000) qubits, such as the homological product of a bivariate bicycle code [25]
and a classical expander code, or the tricycle codes based on balanced product construction [26, 27]. The
advantage of the present scheme is that it is widely applicable (flexible) and scalable, which does not require
intensive numerical search at all. In particular, the logical gate structure can be determined analytically
for arbitrary system size with controllable scaling, i.e., ©(vk) = O(y/n) disjoint logical CCZ magic states,
while other follow-up schemes based on the numerical search are currently limited to both small distance
and only O(1) disjoint logical CCZ, or large depth of the physical CCZ circuit [26, 27].
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