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1 Background

Exponential quantum speedups are the main reason for interest in quantum computing, but they
are also quite rare. Examples include Shor’s algorithm for factoring and computing the discrete log-
arithm [Sho94|, sampling from random quantum circuits [AA11; BJS11; AC16; BFNV19; MT19],
and interactive tests of quantumness [BCMVV21; KCVY22|. The classical hardness of these tasks
is based either on established cryptographic assumptions or well-founded complexity-theoretic as-
sumptions, such as the non-collapse of the polynomial hierarchy.

If we hope to find more examples of exponential quantum speedup, where should we look? One
promising idea is known as “Regev’s reduction” or the “quantum decoding problem”: use a decoder of
a linear code C' to find small codewords in its dual code C*+ [AR03; Reg09; CT24|. Regev used this
idea to give evidence that the cryptographic primitive Learning With Errors (LWE) is quantum
resistant. Yamakawa and Zhandry used this idea to construct the first random oracle problem
with exponential quantum speedup [YZ24]. This has led to several new candidates to demonstrate
verifiable quantum advantage (e.g. [CT24; BNZ25; Ghe25; BDG+26]).

Recently, an algorithm built on top of Regev’s reduction, Decoded Quantum Interferometry
(DQI) [JSW-+25] attracted much attention. It solves a combinatorial optimization problem called
Maz-LINSAT in which we are given as input a matrix B € F'*" as well as sets F1, Fa, ... Frp C Fp.
The goal is to find a vector x € Fy, satisfying as many constraints of the form Zij Bijx; € F; as
possible, for ¢ < m. This linear system is taken to be overdetermined (m > n). While it is known
that finding a close-to-optimal solution is NP-hard in this regime [Trel4]|, DQI aims to output
solutions satisfying an expected number of constraints that is greater than what can be achieved by
classical polynomial-time algorithms, but not so many constraints as to solve an NP-hard problem.

There has been much activity in understanding how DQI and its variants can lead to quantum
advantage [CT25; BGKL25; SLS+25; AGL25; Par25; KOW25; KSG+25|, but it remains open if
one can rigorously justify a quantum speedup by DQI. Here we make partial progress towards this
end by studying classical simulability of the DQI algorithm.

2  Our results

We give evidence that DQI is not classically simulable, and narrow down its possible sources of
quantum advantage:



1. DQI resists classical simulation algorithms that leverage sparsity. Schwarz and van den
Nest [SN13| showed that if Shor’s algorithm had a sparse output distribution, it can be
classically simulated by a variant of the Kushilevitz-Mansour (KM) algorithm [GL89; KM91].
The simulation algorithm works because the Fourier transform of Shor’s algorithm has a sim-
ple structure. We prove that the Fourier transform of DQI shares this structure, and so any
assignment x with > 1/poly(n) probability weight can be found using KM. However, Shor’s
algorithm resists the simulation algorithm because no output probability is > 1/poly(n). We
prove that this is also true for DQI. This suggests that the source of classical hardness in
simulating DQI has a structural similarity to that in Shor’s algorithm.

2. DQI is not a source of sampling-based quantum supremacy. Many quantum circuits cannot be
classically simulated in any level of the polynomial hierarchy because of an argument known as
quantum supremacy [BJS11]. There are many examples: random circuits, circuits that solve
BQP-complete problems, and even models with very little power, such as IQP and the one
clean qubit model DQC1 [MT19]. In contrast, we show how to sample the output distribution
produced by DQI in the third level of the polynomial hierarchy.! This means DQI cannot be
used to construct a quantum supremacy argument. If DQI is hard to simulate, the reason
does not come from the hardness of computing conditional output probabilities, as it does in
these other models.

3. DQI implements an existential coding theory bound with no known classical algorithm. We
show that for the finite field Fo, the DQI algorithm and problem appear in fundamental
results of classical coding theory. The performance of DQI is controlled by the strength of the
associated decoding algorithm. This can be restated as: “the covering radius of a linear code
C is controlled by the decoding threshold of its dual code C”. An existential proof matching
the performance of DQI appeared in the coding theory literature as early as 1990 [Tie90].
This invokes a duality between C' and C* that is essentially a Fourier transform. We show
how this proof [Tie90| implements DQI when viewed as a quantum circuit. A constructive
classical proof of this result would dequantize DQI, but all classical proofs of this result and
underlying ideas are existential [Mac63; Del73; Tie90; FT05; NS09; Sam23].

4. DQI prepares a quantum harmonic oscillator state. A fundamental object in physics is the
quantum harmonic oscillator, which describes the behavior of a particle within a quadratic
energy potential. We interpret DQI as preparing a state in a quantum harmonic oscillator
embedded in the space of possible assignments Fj). The embedding only allows eigenstates
of the oscillator that are below some energy threshold which equals the decoding threshold
of the instance. Each position z in the oscillator is a superposition over the exponentially
many assignments that satisfy % + x clauses. The DQI algorithm could prepare any state in
this oscillator, but the optimal state is localized around the largest possible position in the
oscillator subject to the energy threshold. This means DQI samples from the ezponentially
many assignments satisfying a good number of clauses. By contrast, we do not know any
classical algorithm to sample from the set of assignments satisfying a fixed number of clauses.

3 Techniques

We combine techniques from several disciplines while aiming to make each proof accessible. We
view this as a feature, since ideas related to Regev’s reduction have been studied across research

1A randomized classical machine can efficiently sample from DQI’s output distribution with access to NP oracle.



domains.

Our first result uses the Fourier coefficient estimation algorithm of Goldreich-Levin and Kushilevitz-
Mansour [GL89; KM91] and its quantum variant due to van den Nest and Schwarz [SN13].

The second result relies on a classic theorem of Stockmeyer [Sto83], which uses an NP oracle to
approximately compute exponentially-sized sums of non-negative values. Since we can classically
compute the unnormalized probability, we can approximately compute conditional probabilities in
BPPNP_ and then approximately sample from D bit-by-bit.

The results in coding theory employ a discrete analog of the Hermite polynomials known as the
Kravchuk polynomials [Kra29]. These are orthogonal with respect to the binomial distribution and
Hamming association scheme. One can derive our statements (and the prior work) starting from a
first-principles study of these polynomials. For example, the existential coding theory bound hinges
on the MacWilliams identity [Mac63], which relates the distribution of codewords in a code C' and
in its dual code C+. This identity can be interpreted as a discrete Fourier transform associated
with the Kravchuk polynomials. One can understand the optimal performance of DQI as arising
from extremal properties of these polynomials [IS98; KS21].

The physics argument crucially requires a spectrum-preserving discretization of a harmonic os-
cillator that [AS90; CF24|. Once this is chosen, it is straightforward to embed the oscillator in
a quantum computer. When storing a linear code into the oscillator, we prove that the position
operator imbues a bosonic structure on the eigenstates. This implies the existence of a state con-
centrated on the position matching the optimal performance of DQI. Using the Hamming bound,
we show the amplitudes of this state are exponentially small, so the support is exponentially large.

4 Outlook

When a new quantum algorithm is proposed, it is important to evaluate whether it can be classically
simulated. For example, some proposals for quantum machine learning were dequantized because
the algorithm could be directly simulated [Tan19; CGL+20].

In the case of DQI, we argue that it is hard to classically simulate, and the sources of this hardness
are structurally more similar to Shor’s algorithm than sampling-based quantum supremacy. But it
remains open if the optimization problem DQI solves is classically hard.

Our findings suggest two ideas that naturally generalize DQI to other algorithms with plausible
quantum advantage:

1. We have shown how DQI implements a known existential bound using a Fourier transform.
Do such bounds occur elsewhere in coding theory; if so, can they be made into a quantum
algorithm? Can one construct DQI-like algorithms that implement more general transforms,
such as transforms associated with representations of non-abelian groups [LH25; BNZ25|?

2. We have shown how a quantum computer can contain information in the states of a harmonic
oscillator. In DQI, this information is a specific subset of codewords. Can other information,
perhaps beyond coding theory, be stored in a harmonic oscillator? Can one use this framework
to learn properties of a known hash function that are hard to learn classically?
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