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The paper was presented at the QMATH16 conference, a specialized conference on the intersection of quantum
information and pure mathematics. Our work was a good fit for the mathematical nature of this conference, however
we believe that our results are of interest to a broader audience in quantum information theory.

Background: Random quantum operations are a central tool in quantum information theory
and beyond. Applications include quantum system characterization1–3, quantum learning4, quantum
supremacy experiments5, quantum machine learning6,7, quantum cryptography8,9, quantum many-
body physics10,11, and quantum gravity12–14.

The most commonly used class of random quantum operators are the Haar-random unitaries,
but they need exponential depth to be implemented15. Significant effort has thus been spent to find
low-depth constructions of random unitaries that appear Haar-random to a restricted observer16–24.

Approximate unitary k-designs are ensembles of unitaries that appear Haar-random to an ob-
server with access to at most k copies of the sampled unitary. Approximate unitary designs using
circuits of depth logarithmic in the number of qubits in the 1D architecture have been found very
recently21,22. The results of Refs.21,22 came as a great surprise, because in this regime lightcones are
of negligible size compared to the system size and yet the distinguishability to Haar-random uni-
taries (which generate near-maximally entangled states) decays exponentially. The construction in
Ref.21 “glues” designs on local, log-sized patches together to form designs globally. However, Ref.21

also gives an argument that rules out log-depth constructions of orthogonal designs, i.e. based on
orthogonal matrices. Orthogonal matrices will thus not glue.

A dichotomy seems to emerge: Either, a class of operations is sufficiently universal to allow for
a gluing construction or a linear lower bound can be proven.

Our results: In this paper we delineate the boundaries of this dichotomy and ask generally: Will
it glue? We study four subgroups of the n-qubit unitary group, namely the Clifford group Cl(n), the
orthogonal group O(2n), the unitary symplectic group USp(2n), and the matchgate group M(n). For
the four subgroups, we consider different notions of random ensembles, namely approximate group
or state designs with additive or relative errors. In addition, we investigate whether local circuits
over the mentioned subgroups anti-concentrate in logarithmic depth.

For all of these notions, we either show that they can be constructed in O(log(n)) depth, or
aim at deriving Ω(n) lower bounds, where n denotes the number of qubits (we suppress the k and
ϵ-dependence). We obtain linear lower bounds unconditionally for 1D architectures, or for circuits
constructed from local random gates (“generalized random brickworks”) in any architecture.

Table 1 shows an overview of the results of this paper, together with a few known results from
the literature. We find lower bounds with two different scalings:

1. We get lower bounds that scale with the maximal lightcone L over the circuit ensemble. They
are thus particularly strong in 1D yielding Ω(n), but still give non-trivial lower bounds in
other architectures, for instance Ω(n1/D) in D-dimensional lattices and Ω(log n) in all-to-all
connectivity.

2. Generalized random brickworks are circuits for which the local gates are drawn independently
from the Haar measure of the considered group. For this class of circuits, we go beyond
architecture-dependent bounds by showing linear depth lower bounds in any architecture. Our
results still hold for significant relaxations of generalized random brickworks, to include the
vast majority of circuits discussed in the literature.
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Notion of
randomness

Group
U(2n) O(2n) USp(2n) Cl(n) M(n)

additive-error
group designs O(log

(
n
ϵ

)
)21,22 Ω(L) Ω(L) k ≥ 4 Ω(L) Ω(n)

relative-error
state designs Θ(log

(
n
ϵ

)
)21,22 Ω(R)∗, Ω(n)† Ω(L) k ≥ 4 Ω(R)∗, Ω(n)† Ω(n)

relative-error
group designs Θ(log

(
n
ϵ

)
)21,22 all above all above, Ω(n)† k ≥ 4 all above Ω(n)

additive-error
state designs O(log

(
n
ϵ

)
)21,22 O(log

(
n
ϵ

)
) O(log

(
n
ϵ

)
) k < 6: O(log

(
n
ϵ

)
) Ω(n)

anti-
concentration Θ(log(n))25,26 O(log(n))27 O(log(n)) Θ(log(n))28,29 Ω

(
n1/3

log(n)

)
Table 1: Overview of circuit depth bounds obtained in this work and in the literature, for various notions of
k-designs and different subgroups of the unitary group (bounds without references are derived in this work). Here,
we always assume k ≥ 2 and indicate further restrictions on k when necessary, but otherwise suppress the k-
dependence in the asymptotic notation. The first set of our lower bounds depend on the architecture through the
maximal lightcone L over the circuit ensemble. The ones indicated by a ∗ depend instead on the diameter R, the
largest distance of two qubits in the architecture, which can yield a different scaling as the lightcone bounds. The
ones indicated by a † are derived for generalized local brickwork circuits and do no longer depend on the underlying
architecture. Green indicates an upper bound (it will glue), red indicates a lower bound (it will not glue).

On the other hand, we surprisingly find log-depth constructions for additive-error state designs
for the Clifford (for k < 6), orthogonal, and unitary symplectic group. This stands in contrast with
the lightcone lower bounds for the construction of relative-error state designs.

Outlook: Our results immediately impact constructions of efficient randomization protocols over
restricted groups, for instance:

• The circuit complexity of randomized protocols based on Clifford unitaries under circuit re-use
(such as thrifty shadow estimation30).

• Our results prevent the existence of short-depth matchgate designs, thus fermionic protocols,
such as fermionic shadows, may need much deeper circuits than their qubit counterparts. This
answer a question raised in Ref.31 in the negative (at least for geometrically local circuits).

Beyond this, our work raises a number of interesting theoretical questions.

• Our work raises the question which subgroups of the unitary group could actually support a
"gluing lemma".

• There is, for a fixed group, also the question which classes of observables (acting on several
copies of the unitary) actually witness lightcones.

Techniques for lower bounds: To derive our lower bounds, we build on an observation in
Ref.21 that invariances of the tensor power representation of subgroups can be exploited to construct
lightcone arguments that rule out short-depth circuits.

Assume that for a group G, we find factorizing Q = Q1 ⊗ · · · ⊗ Qn, where all tensor products
of the local operators Qi ≥ 0 are in the k-th commutant of G restricted to the respective qubit.
Adding a local perturbation to Q, e.g. a Pauli-Z to the first qubit (on the first copy), gives us
Q′ := (Z1 ⊗ 1

⊗(k−1))Q(Z1 ⊗ 1
⊗(k−1)). Now Q′ is still psd but, in general, not invariant under G.

However, everywhere except on the first qubit it is, i.e. if V is a gate in G that acts trivially on the
first qubit, then V Q′V † = Q′.

Hence, if we consider the action of a local G-circuit U on Q′, then all gates which are outside of
the lightcone of the first qubit cancel: This is most clearly seen at the example of a brickwork circuit,
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Q Figure 1: Detection of short-depth local circuits
over certain subgroups G by a lightcone argument.
We construct a factorizing operator Q⊗n that com-
mutes with the k-copy action of G. By ‘hiding’
the first factor behind a single-qubit gate, a local
circuit will no longer leave the perturbed operator
invariant – instead only the local gates outside the
lightcone of the first qubit cancel due to the invari-
ance of the local Q’s. If the circuit is too short and
the lightcone does not contain all qubits, then some
of the qubits stay unentangled with the rest. This
can be probed by a suitable observable, allowing to
separate short-depth circuits from deep circuits and
setting a lower bound on the depth of approximate
designs.

cf. Fig. 1. If this lightcone does not include all qubits, then we are left with the operator Q on the
remaining qubits, unentangled with the remaining systems, which we can detect by measuring a
suitable observable. More precisely, we show that this gives means to distinguish deep circuits (or
Haar-random unitaries) from short circuits, setting a lower bound of Ω(L) (or in some cases Ω(R))
for the depth of k-designs for the specific group, where L is the minimal depth of a lightcone that is
supported on a constant fraction of all qubits, and R is the diameter of the architecture.

The second lower-bound technique is built on the insight that the existence of factorizing Q in
the commutant allows to reduce some of the ‘psd’ quantities tr

(
PU⊗kQ′U †,⊗k

)
to Pauli expectation

values. The former are exactly the functions which can be estimated up to relative error using
log-depth random circuits over the unitary group21,22, while the latter generally need linear depth,
even for universal circuits. On a high level, the existence of such a relation between these two types
of functions for the here considered subgroups prevents the construction of log-depth (relative-error)
designs.

The idea is that if we sample the local gates randomly from the respective group on two qubits,
that then there is a constant probability that the locality of Z1 is preserved. The probability that
the final operator is a Z1 thus decays exponentially in the depth. To achieve the exponentially small
Haar value, the depth thus has to be linear. Consequently, we obtain a lower bound of Ω(n) on the
depth of relative-error state designs for the Clifford and orthogonal group, and relative-error group
designs for the symplectic group. Crucially, this result holds for generalized brickwork circuits in any
architecture and is thus considerably stronger than the previously discussed lightcone arguments.
We are confident that our arguments can be generalized to an even broader class of circuit ensembles
and may even hold for general circuits.

Techniques for upper bounds: The constructions for O(log(n))-depth designs in this paper are
similar to the construction in21. The idea is to construct a two-layer brickwork circuit in which the
local gates act on O(log n) qubits (“superblocks”). In21 it is proven that this construction forms a
relative-error unitary group design, if the superblocks are drawn from a unitary design.

To prove that additive-error state designs can be constructed in depth O(log(n)) for the Clifford
(for k < 6), orthogonal and the symplectic group, we use a similar construction in conjection with
a new technique: We show that the Haar twirl over these groups is ϵ-close in trace distance to
the unitary Haar twirl, for ϵ polynomial in k and 2−n, provided that the input state obeys the
positive partial transpose (PPT) condition on every copy of the Hilbert space H. This is proven
by projecting on a subspace of the Hilbert space where the commutant of the considered subgroup
is identical to the commutant of the unitary group. For the orthogonal group this is the distinct
subspace24 and we define an analogus subspace for the symplectic group. We then observe that
if ρ is PPT, then U⊗kρU⊗k,† is as well. The two-layer superblock brickwork will thus provide a
O(log(n))-depth construction for additive-error state designs by the gluing lemma.
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