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Background and motivation: Boltzmann machines constitute one of the earliest neural-
network based approaches to generative modeling [AHS85, HS86], in which the goal is to simulate
a target probability distribution q(v) by means of a parameterized model distribution pθ(v), where
θ is a parameter vector. The traditional approach to Boltzmann machine learning is to employ
a classical Hamiltonian as an energy function, with some of the variables called visible and the
others called hidden (often referred to as visible and hidden units). The probability pθ(v, h) for a
particular configuration of visible and hidden variables to occur is then proportional to a Boltzmann
weight, establishing a strong link between Boltzmann machine learning and statistical physics. The
marginal distribution pθ(v) on the visible variables should be tuned to closely approximate the
target probability distribution, while the role of the hidden variables is to mediate complex correla-
tions between the visible variables by means of simple interactions between the visible and hidden
variables. This is similar to how the Hamiltonian of mean force represents complex interactions
between system variables in classical thermodynamics [Jar04, TH20], which are mediated by the
interactions between a thermodynamic system and an external reservoir.

The conventional approach to generative modeling with classical Boltzmann machines is to
tune θ so that the relative entropy D(q∥pθ) between the target distribution q(v) and the model
distribution pθ(v) is minimized. In order to do so, it is helpful to have a formula for the elements
of the gradient ∇θD(q∥pθ), which is well known to be given by [AHS85]

∂

∂θj
D(q∥pθ) =

∑
v,h

q(v)pθ(h|v)Gj(v, h)−
∑
v,h

pθ(v, h)Gj(v, h), (1)

when the classical Hamiltonian has the form Gθ(v, h) :=
∑

j θjGj(v, h). As such, one can estimate
the elements of the gradient by means of Monte Carlo sampling, i.e., sampling from q(v)pθ(h|v) and
pθ(v, h). In conjunction, one can employ a standard stochastic gradient descent algorithm in order
to minimize D(q∥pθ). While this optimization problem is known to be non-convex in general, in
practice, a local minimum of this objective function often works well. After tuning θ in this way,
one can then sample from the model distribution pθ at will.

Roughly a decade ago now, quantum Boltzmann machines were proposed for generative model-
ing [AAR+18, KW17, BRGBPO17], with the idea being that distributions arising from measuring
quantum states might be able to capture more complex correlations in target probability distribu-
tions than would be possible with classical Boltzmann machines alone. Beyond this application,
quantum Boltzmann machines can alternatively be used for the non-classical task of quantum state
learning [KW17], in which the goal is to model a target quantum state ρ by means of a parameterized
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state σ(θ). It was realized in [AAR+18, KW17, BRGBPO17] that there are difficulties in arriving at
simple expressions like that in (1) and procedures for estimating it when trying to develop quantum
extensions of generative modeling, while using both visible and hidden variables. A notable excep-
tion occurs for quantum state learning when using quantum Boltzmann machines with visible units
only: indeed, the authors of [KW17] established a simple expression for the gradient (see [KW17,
Eq. (4)]), while the authors of [CB24] proved that the corresponding minimization problem is convex
in the parameter vector θ. Thus, for this particular problem, a hybrid quantum–classical algorithm,
which uses a quantum computer for estimating the gradient and stochastic gradient descent for op-
timization, is guaranteed to converge to a global minimum with efficient sample complexity [CB24,
Theorem 1].

What has remained open since these prior contributions is to determine an analytical expression
for the gradient that is amenable to estimation on a quantum computer when using quantum
Boltzmann machines, with both visible and hidden units, for generative modeling and quantum
state learning. Under the assumption that the visible units of the quantum Boltzmann machine
are classical while the hidden units are quantum, there has been recent progress on developing
algorithms for optimizing them for generative modeling [PKPW25, DTP+25, KKH25, VSKB25,
DTGJ25, Wil25b]. However, these works do not address the aforementioned open question for the
task of quantum state learning with both visible and hidden units, for which a quantum Boltzmann
machine with quantum visible units is required.

Summary of contributions: In this submission, I address this open question by determining
an analytical expression for the gradient in quantum state learning, which is amenable to estimation
on a quantum computer. In more detail, suppose that ρ is a target quantum state and σ(θ) is a
model quantum state, based on a quantum Boltzmann machine with visible and hidden units, and
the goal is to minimize the quantum relative entropy D(ρ∥σ(θ)). Here I establish an analytical
expression for the gradient ∇θD(ρ∥σ(θ)), which can be viewed as a quantum generalization of (1),
incorporating aspects to account for the non-commutativity inherent in quantum mechanics (see
[Wil25a, Theorem 8]). Furthermore, I develop a quantum algorithm for estimating the gradient
when given sample access to ρ and σ(θ), implying that one can find a local minimum of D(ρ∥σ(θ))
by means of a hybrid quantum–classical algorithm that uses a quantum computer for estimating
the gradient and a classical computer for performing the stochastic gradient descent optimization
algorithm. A subroutine of this quantum algorithm involves simulating what is called modular flow,
and by invoking [QKR25, Lemma 3] and [GSLW19, Corollary 60 and Lemma 61], I establish an
improvement of the recent quantum algorithm from [LK25] for simulating modular flow.

The main distinction between the quantum expression reported in [Wil25a, Theorem 8] and the
classical one in (1) is that the conditional probability distribution pθ(h|v) in (1) is replaced with a
Hermiticity-preserving, trace-preserving map Σθ

v→vh that is reminiscent of, yet different from, the
rotated Petz recovery map of [Wil15], the twirled Petz recovery map of [JRS+18], and the state-
over-time of [FP22] (see also [LN24]). In the case that both the visible and hidden units are classical,
the expression reduces to the classical expression in (1).

I also consider the case of quantum visible units and classical hidden units, a case of interest
and possibly easier to implement in practice than fully quantum Boltzmann machines. For this
scenario, I report an analytical expression for the gradient (see [Wil25a, Theorem 14]), along with
a quantum algorithm for estimating it. The main distinction between this quantum–classical case
and the fully classical case is that the conditional probability distribution pθ(h|v) in (1) is replaced
with the Hermiticity-preserving, trace-preserving map

∑
x px(θ)Σ

θ,x
v ⊗|x⟩⟨x|h, as defined in [Wil25a,
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Theorem 14]. This map is reminiscent of, yet different from, the rotated pretty good instrument
introduced in [Wil15, Remark 5.7].

Finally, I extend all of the results to apply to the case when the objective function is the Petz–
Tsallis relative entropy of order q ∈ (0, 1)∪ (1, 2], instead of the quantum relative entropy. Doing so
involves developing an independent derivation of a formula for the matrix derivative of the power
function, as given in [Wil25a, Lemma 4] below. This formula could find alternative applications in
quantum information theory, and it is connected to the probability density functions that appeared
in [JRS+18, Lemma 3.2], the latter building on Hirschman’s improvement of Hadamard’s three-line
theorem [Hir52].

Paper organization: The paper [Wil25a] is organized as follows:
Section 2 provides some preliminary material used throughout the paper. This includes a brief

subsection on notation (Section 2.1) and a review of classical Boltzmann machines and the derivation
of the gradient of the relative entropy (Section 2.2). Also, Section 2.3 presents various formulas for
matrix derivatives, including an independent derivation of a formula for the matrix derivative of the
power function (see Lemma 4).

Section 3 contains some of the main aforementioned results, including an analytical expression
for the gradient of the quantum relative entropy between a target state ρ and the reduced state
σv(θ) of the visible units of a quantum Boltzmann machine (Theorem 8), as well as a quantum
algorithm for estimating it (Section 3.2). As noted above, a subroutine of this quantum algorithm
simulates modular flow, and I establish an improvement of this subroutine in Appendix B.1, by
invoking [QKR25, Lemma 3] and [GSLW19, Corollary 60 and Lemma 61]. I also evaluate the
gradient expression for a model called restricted quantum Boltzmann machines (Section 3.3), and
then I show how it reduces to the known expression for the gradient [KW17, Eq. (4)] when there
are no hidden units (Section 3.4).

Section 4 specializes the results of Section 3 to the case when the visible units are quantum
and the hidden units are classical. In particular, Section 4.1 provides a formula for the gradient of
the quantum relative entropy in this case, Section 4.2 details a quantum algorithm for estimating
the gradient, and Section 4.3 evaluates the formula for restricted quantum–classical Boltzmann
machines.

Section 5 specializes the results of Section 3 to the case when the visible units are classical and
the hidden units are quantum. The findings here are related to the recent findings of [DTP+25], but
it is instructive to see how this reduction follows from the fully quantum case presented in Section 3.

The final technical section of this paper is Section 6, in which I show how to generalize the
findings in the whole paper to the case when the objective function is the Petz–Tsallis relative
entropy with parameter q ∈ (0, 1) ∪ (1, 2]. To derive the results here, I provide an independent
derivation of a formula for the derivative of the matrix power function (see Lemma 4, with its proof
in Appendix A).

In the conclusion (Section 7), I provide a brief summary of the main findings of this paper,
followed by suggestions for future research.
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